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 Abstract 
           The problem of generation f edge waves due to long waves impinging upon a 
     continental shelf rom the outer sea is investigated. A line source with an aperiodic 
     time-dependence is  assumed, The Coriolis force is omitted. A theoretical marigram 
     at a coastal station with a large longshore distance from the source is computed. 
     Excitation of the edge waves i  governed bythe depth ratio between the outersea and 
     the shelf, the size of the shelf, the offshore distance of the wave source, and the 
     spectrum of the primary wave. The obtained results may be useful to explainsome 
     observed features of the edge waves due to a tsunami. 
1 Introduction 
   It was pointed out by K. Sezawa and K. Kanai [1] that edge waves on the con-
tinental shelf bear close resemblance to Love waves in seismology in that both waves 
are guided waves; the energy of the latter is trapped in the surface layer of the earth's 
crust, while that of the former over the continental shelf. But he doubted whether 
such a type of oceanic waves can exist actually. Later, F.  Ursell  [2] made both 
theoretical and experimental studies of edge waves on a sloping beach. W. Munk, F. 
Snodgrass and G. Carrier [3] showed from a variety of sources that edge waves on the 
continental shelf seem to be a common phenomenon. H.P. Greenspan [4] studied the 
generation of edge waves on a sloping shelf by pressure distributions moving parallel 
to a straight coast line. R. 0. Reid [5] investigated the role of Coriolis force in respect 
to the characteristics of free and forced edge waves. K. Kajiura [6] examined in detail 
the influence of Coriolis force by treating two specific transient problems. 
   In this paper the generation of edge waves in a system composed of an outer sea 
with uniform depth and a continental shelf with uniform depth and width is studied. In 
contrast to the travelling pressure distributions assumed in the above cited papers 
[4], [5], [6], a fixed source of cylindrical long wave is assumed in the outer sea, the time-
dependence being aperiodic. These situations may show the edge wave generation by 
a tsunami. In our model, the energy of the primary waves partially penetrates into 
the shelf and is trapped there through diffraction of the cylindrical waves by the 
plane boundary representing the margin of the shelf. Plane waves can not account 
for the generation of the edge waves. The assumed abrupt change in depth at the 
margin of the shelf may be justified so long as we treat exclusively long period waves 
such as tsunamis.
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                 Fig. 1. Model of continental shelf and original wave form. 
   We note that similar problems of Love  waves' and sound waves in shallow 
water have been studied e.g. by Y.  SatO  [7] and  C.L. Pekeris [8], respectively. 
   The main purpose of this paper is to compute a  "  theoretical  marigram  " showing 
edge waves, for a tide station with a large longshore distance from the source. 
2 Formal Solution for a Steady State Motion 
   Fig. I shows the situation assumed. The x-axis is taken along the coast line, and 
the y-axis is directed offshore with the origin at the coast. The z-axis is taken 
vertically upward. The depths of the shelf and outer sea are denoted by  It, and h2, 
respectively, and the width of the shelf is denoted by 1. The wave source is located at 
the point (0,  d), where we assume that  1<d. 
   Linearized shallow water theory will be used. If the time factor  euut is assumed, 
the surface elevationfrom theundisturbed surface satisfies the equation 
           (v1k1,22)C1,2 =0  , (1) 
where 
 k1,2COV1.2  --sr  gh1.2  • (2)  V12 
In these equations the suffixes  1 and 2 represent the values in the shelf and outer sea, 
respectively, and  V2 indicates the two-dimensional Laplacian. 
   We assume a set  of  solutions  of (1) in the formof plane waves 
            =  e-ik2(vx+N  FY -  d  I) ,  1<y  ,
 {Aeik2MY +  Be  -ik2MY}  e-ik2xv , 0  <  y  <1 , (3) 
 n =  Ce-ik2(VX+NY)  1  <  y  , 
where 
 v  =  sin  w,  ,  N  =  cos  w,  ,  M  =  -1/m2—v2  ,  M  =  h2  >  I,  (5  (N)  <0  . (4)
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 w2 signifies the incident angle of the plane wave propagated in the outer sea, and 
may take complex values in the course of generalization t  the case of cylindrical 
waves. represents a component wave of the original cylindrical  wave. 
represents thewaves reflected from the coast and the margin of the shelf, while  b2 cor-
responds to the reflected wave from the margin of the shelf. A, B and C are constants 
to be determined from the boundary conditions. 
   Boundary conditions are that (1)the normal f ow at the coast vanishes, (2) the 
surface levation is continuous at the margin of the shelf, (3) the normal flow is 
continuous at the margin of the shelf. These conditions can be written 
       (i)  v1  —  0 at  y 0,
     (ii) at  y  =  1  , (5) 
     (iii)  = at  y  1  , 
where the particle velocity  f),,, along the y-direction is connected to the surface 
elevation by the relations 
              a f),.ana-75,ag-0+2)       ——g--g(6) 
       atay' at ay 
   The constants A, B and C are determined as follows  : 
 A=  B  2  itt  e-ik2[M1+(d  -.1)NYD 
            C  e-ik2N(c  -  21)  fp, (1  e-2ik2Mi ) (1  _  e  -2ik2m/  )} D , (7) 
  where 
      D  p,  e  _2ik2mt) + (1  e-2ik2 (8) 
 ft, =  TON  /M (9) 
   The surface elevation at the coast  (y  =0) becomes 
               (A + B)  e—ik2xv 
            -----  2  h,  a  e  (d 1)-1'.`r)//'  (y,  v)  , (10) 
  where 
 F  (y,  v)  =  h,  a  cos  (y  fl)  —  1/113  sin  (y  0)  , (11) 
 a  =^v2  iN,  M  y  k21,  c  ,  xll (12) 
   A cylindrical source at the point (0, d) can be obtained by performing the operation 
 ie/2+i°° 
 dw  2 (13) 
 z  3  -Tc/2-ioo 
 to  -*() in  (3)  ;
                    
1   f"/2+i°°  e—ik2(xv+  1Y—diN)  dw,  =  o(2)  (k,  r)  , (14)  7t  tioo 
  where 
 r_=  -V  x2  +  (y  d)2 (15)
30 K. NAKAMURA 
    In a similar way the surface elevation at the coast due to the primary wave 
represented by (14) can also be obtained from (10) by employing the operator  (13). 
 =2V/2+i°'  h,a                                             e-yce(d-1)- ix yr)ch.v2(16)                  j -g/2-i00 F  (y,  V) 
    In Fig. 2 are shown the path of integration L in the  wz-plane, some poles cor-
responding to first few modes, the branch points B, B'  (-±7r  /2+i  cosh-lm) determined 
from the relation v=.--±  m, and the branch cuts made along the lines  pZ  (9)  =  0. It is 
assumed that  (13)  >0 in the sheet in which the path L lies. The conditions  S (N) <0 
is  fulfilled along the path L. 
 B'  L  t.  B 
         77- 7T
 2 
 Bi 
  Fig. 2. Original path of integration L and deformed one L' in w-plane. 
          Poles and branch points are indicated by solid circles and crosses, respectively. 
         Along thick lines starting from B and B',  R(13)=-0. Along thin lines  5(i3)=0. 
   In evaluating the integral in (16), we must use different methods according as our 
purposes. For small longshore distances, the saddle point method gives a good ap-
proximation if the wave length of the primary wave is short compared with the distance 
it travels. In this case the solution represents a seiche-like oscillation on the shelf. 
For large longshore distances, the initial stage of the marigram can be obtained 
approximately by the ray theory (saddle point method), whereas, the later stage of it 
can be approximated fairly well by the normal mode theory (residue calculation). We 
shall compute by the latter theory a theoretical marigram at a large longshore distance. 
3 Phase and Group Velocities 
   The equation 
                            (y,v)= 0 
  or 
 m2  a  =  /3  tan  (y  /3) (17) 
determines a set of infinite numbers of eigen-values y for a prescribed value of v. 
   The longshore phase velocity c is related to v by the relation
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 V.2 
                                          (18)                                c -                                                                   - ,                                 sin w, 
where  w1 represents the incident angle in the shelf. The values of  w1, y and  clv, for 
the first two modes are listed in Table 1, for the case  m=-1/10. 
                                  Table  1 
 18°26'  18°27' 18°28' 18°40' 18°50'  19° 20° 22° 24° 26°  27° 
 c/v2  1.0000 0.9991 0.9982 0.9879 0.9796  0.9713i0.9246  0.8442  0.7775  0.7213  0.6965 
 {first mode 0 0.04386 0.06331 0.1604 0.2008  0.2295  0.3183  0.3882  0.4 50  0.4514  0.4627 
 7 
 second mode 1.0472  1.0912  1.1107  1.2090  1.25 5  1.  280   1.  3756 1.  4597  1.  5125  1.  5567  1.  777
   -   -  
                30°  133° 36° 39°  i  42° 45° 50° 55°  I 60°  65° 75° 
 c/v2 0.6325 0.5807 0.5380 0.5025 0.47261 0.4472 0.4128  0.3860  0.3652  0.34890.3274  
I  first mode 0.4932 0.5218 0.5507 0.5815 0.6150  0.6527 0.7276 0.8242 0.9543  1.13811.  8845 
 7 
;  second mode 1.6404  1.7064  1.7787  1.8599I  1.  9518  2.0577  2.2731 2.5563 2.9412  3.4889  5.7230 
    The longshore group velocity U can be written as  follows; 
 do  do) d y dv  U
v,v2
.7)+ y               w,) d (k, sin w2)  d  (y  v)  d (k, sin dy  r-o'
                                           (19)
where 
 dv  
 dy  a  /32  (m2a2  v2)/v  1,n2 +  a  y  (m4a2  2,,2)                                            (20)
For the first mode,  c/v2 and  U/v2 are shown in Fig. 3 as functions of y when  m=1/10. 
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      Fig. 3. Dispersion curves of phase (c) and group (U) velocitiesfor the first mode edge 
   wave. When 7 increases indefinitely, both  c/v2 and  Ulu, tend to  vl/v2=1/N/10  .
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4 Normal Mode Theory 
    To make a closed path of integration, we take, besides the original path L, the path 
L' shown in Fig. 2 and two paths which  join L and L' at infinite distances. The integral 
along L can be expressed by the residue integrals, the branch line integral around B and 
the integral along  L'. Since the integrand of (16) is an even function of  fl, the branch 
line integral vanishes. It can also be shown by the saddle point method that,  for large 
longshore distances  (x>d  —1, 1) the integral along L' has an approximate xpression 
      -__  21/2  m2 
 1/7r  i/m2_1 sin  {y 1/m2  ____1} 
 M2 p -i7X-{,r/,P)i 
          
• Ly (d.-1) —  1/ -- cot {yi/m2— I }1:               m2_1(y)3/ 2 
   This formula gives the size of the initial disturbance, and shows that the amplitude 
decreases with distance by the law  (X)-3/2. This variation with distance holds also in 
the aperiodic ase. In the following this wave is taken out of account as has been stated. 
We shall investigate the normal mode solution which has the factor  (4-1/2 as we 
shall see later. 
   We obtain from (16) by residue calculation 
                           h2 an,           — 4 i E e-Y(d-1)°'it-iX7v)/ 
               n(ay ,, 
                              a71ir----constN„
     =
      4m2 432e-ay(d-1)-avv(21) 
       m2 — 1t v{m2+ ay (m2a2 + v 2"-                                      )1-cos(y,8) , (iiis omitted)
where the summation is to be carried out through all the possible modes. 
5 Solution for an Aperiodic Source 
   So far we have treated a periodic wave system. Now we consider the case in which 
the primary wave is of error functional type. 
          f (T) _   1r e_  T2/2a2,T _ 1—  a : constant . (22)           -1/27ra  v2 , 
   If we perform the operation 
 2R Ail  7(1'2   e-gi14  1rF (co)ch-o , F  (o) —     e-'2a2/2 , 
 2-1/27r . 01/27r 
                           (F (w) : Fourier transform of  f) (23) 
 to 
             ..
1)  = e'ic"2                          1-1,(k2r)-* 7,h27-                                              ,ei14ilw+16/4 
                                                                                                         , 
-1/ (24) 
 it follows that
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                       A  1  (t-r/v2)2 
                 ,^r  1/271., a e 2 a2(25) 
where we note that 
              .00 _tc2 
                                       e  1 2a2 
                                 _co1/27z- a 
   The aperiodic solution which corresponds to the primary wave (25) can be obtained 
from (21) by employing (23). 
                                  -r ai32_c67(d_i)     m2AE
e-'/4-1/T    
       v2z(m2—1)2Lv-LM„ ± a y (m2a2-1-v2)} cos (y0) 
 0 
 e_w2a2/2+iwt-i-,yv d (26) 
   The integral with respect o  (0 can be evaluated  approximately by the method of 
 stationary phase if x and t are comparatively large and  dU  1dy is not near to zero. 
   The results of calculation are, 
                             1sin .cx _               = 4 -E xo,70 -1/8; cos16) co  ) (27) 
where the sin factor is to be taken if  dU  ldy< 0, and the cos factor if  dU  /dy> 0, 
The subscripted quantities in (27) are to be evalated at the fixed  y-values determined, 
for prescribed x and t, by the equation  t—(x/U) =  0  . 
   The factors contained in (27) are expressed as  follows: 
 P  v211"2 (28) 
                                              sec  
 X/ y- 02m 
                 vm2-2                            1-Cm2 ± ay ((ym2 a' + v2)} , (29) 
         Y1Y2 Yi = exp --1 ( vt )2a2 y } exp (02 a } (30) 
 Y2 =  exp  [  —ay  (d-1)}, (31) 
                 16.11/2=__  V2 dU —1/22  dv 4_d2v1.-112  (32)               U
ydy,dy2 
 _d2v__do a IFdv +  2vE— 
            ciy2vLt(L2132dy                                 (33) 
         L =  (m2-1) [m2 + ay  trn2  (v2—  1)  +  , 
          E 2  (m2 v2)ml (2  V2—  1)—  M6  ,
         Fya3  [(m2-2v2)/32 +m4{02 ( V2— 1)+v2  (m2—  1))-1-Hmia4—m2(34  . 
   When  dUrfcly0, the method of stationary phase becomes invalid, so that another 
method of approximation must be used. 
   The result of calculation is
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       = 4AP              zxy/1/271-x Al                /"2 
v2  (3a3)113 (3a3)1/3 
 cos  {w,,,,,[1—   )—  L (34) 
              x  
 cni 4 
         a, = t —  U 
,  m
a,  =— ci(Yv)d3(yv)d2vd3v                         —,              )3wy3tCly3ntC'E'rdy3   nt, 
where  Ai is the Airy integral defined by 
                                   1 c.°  Al (x)  = 7rfocos (1u3 +  xu) du . (35) 
               3 
   The suffix  in in (34) shows that the quantities are specified by the values for which 
the relation  dU  dy 0 holds. In the following,  d3v  I dy3 is calculated by numerical 
differentiation. 
6 Surface Elevation at a Fixed Point on the Coast. 
   We will examine the factors which contribute to the amplitude of the first mode 
waves contained in (27). 
   The factor X (29) shows the "mode amplitude" for a steady state motion. While 
the factor  16  I-1/2 (32), which arised from the application of the method of stationary 
phase, represents the "excitation function" for the aperiodic case. These factors are 
characteristic to the given system. They are shown in Figs. 4 and 5. In Fig. 5,  
181-1/3 becomes extremely large in the range where y is extremely small or large, and 
also when it is close to 0.55. In such ranges of  y, the method of stationary phase 
 1.1 
 I.0 X 
 =  in2   c4,62  sea)  
               08 
                06 
                04 
 02 
           0 0.2 0.4 06  0.8 /0 /2 
       Fig. 4. "Mode amplitude X" of the first mode dge wave for steady state motion.
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       Fig. 5. "Excitation function  16  -112" of the first mode edge wave for aperiodic 
                     case. 
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                      Fig. 6. Frequency spectrum of original wave. 
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                    Fig. 7. Effect of offshore distance of wave source.
does not hold. The inapplicability of this method for extremely small values of y 
indicates the deficiency of the normal mode theory to represent the initial moion. 
   The factor,  Y1 (30) which represents the spectrum of the initial wave, is shown in 
Fig. 6 for the cases (1) a  =553,  1=-100  , 50,  10  km., and (2) a =92, 1=100, 50,  10  km. 
The values  a=553 and 92 correspond to the original waves of which the time intervals
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 Fig. 8. Resultant amplitude  Q-=  XY1 Y2  ai-li  2 for the aperiodic case. 
between  one-tenth heights of the crest are about 40 and 6.6  min., respectively. 
   The factor Y2 (31) representing the effect of the offshore distance of the wave source 
is shown in Fig.  7. This  feature is obvious ince the amplitude of edge waves decreases 
exponentially with the offshore distance. 
   Figs. 8, a,b,c show the variation with  y of the resultant amplitude  Q--=X  -17,17211-112 
for the cases (1)  111=100 m,  115=1000 m,  1=100km, a=553, (2)  hi=  100 m,  h2=  1000m, 
 10 kin, a=553, (3)  14=100 m,  h2=1000 m, km,  a=92. 
   Fig. 9 shows the variation of Q with the non-dimensional time  T  —to)/to, 
 (to=x1v2) for the case (1),  h1=100m, m,  l=100  km, a=553. The change in 
period of the edge wave with T is shown in Fig. 10. As shown in Figs. 9 and 10, the 
shorter period waves are expected to superpose on the long period waves in the stage 
where T exceeds about 2.18. However, in the present case where relatively long 
period waves are treated, the shorter period waves have little contribution owing to the 
small amplitude. 
   It is also noteworthy that higher mode edge waves can be ignored so  far as we 
consider the original wave with such a long period as assumed in this paper. This fact 
is obvious from Fig. 7 and Table 1. 
   Figs. 8, a,b,c show that the effect of the offshore distance of the source as shown in 
Fig. 7 is very important if  A, and 1 are given.
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   Fig. 9. Resultant amplitude Q as function of  T  (t  –  to)  /10,  to=x/v2, for the case 
           shown in Fig. 8, a. 
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          Fig. 10. Variation with r  of period T of the first modeedge wave.
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   Fig 11 shows the edge wave marigram at a distance  1000km, the other constants 
being 1=100 km,  it1=100m,  h2=1000m. As mentioned earlier the initial part of the 
marigram is uncertain since the method of stationary phase is applicable only for the 
later stage of the disturbance. 
 P=  100  Pm 
 (_C/  nx x= woo  a= 553 _ 
       1 
      /0-- l-2 
                                   d- 3
    ,0 =5
I.       Or  /0,44
sor  to 
 30  0 
[
    Fig. 11. Computed margiram for a distance  x=1000km, other constants being the same 
             as in Fig. 8, a. Unit of abscissa corresponds to 167  min. 
   As shown in Fig. 11, the edge waves decrease in height with the time if the offshore 
distance of the origin is large, whereas, for small value of it, the edge waves grow, the 
wave height attains its maximum in a rather late stage. This feature is more  pro-
nounced for a large value of m2. The maximum is ascirbed to Airy phase due to 
Pekeris [8] which is characterized by the minimum group velocity. 
   Since the dispersion of gravity waves affects little thedeformation of a wave form 
in the case of very long waves, the amplitude of the primary wave (25) when spreading 
in an infinitely extended sea of uniform depth is approximately equal to  G,  A/1/27-tr a. 
For equal distances r=x----1000 km, the ratio of the maximum amplitude of edge 
wave in the case of d=2, in Fig. 11, to the amplitude  G, becomes approximately 
(4  v2/l)  -1/27r a  x  1.45X  10-10.78. 
7 Remarks. 
   There seems to be evidence that edge waves have been generated by tsunamis. We 
shall treat in a later paper the problem of edge waves due to the Kamchatka tsunami 
of Nov. 4, 1952. To elucidate the observed features, it will be necessary to take into 
account of more realistic situations about the bottom topography offshore. 
8 Summary 
   The generation of edge waves on the continental shelf, due to the aperiodic long 
waves emitted from the cylindrical source in the outer sea is investigated theoretically. 
It is assumed that the continental shelf has uniform depth and width, and that the outer 
sea has also a uniform depth. A theoretical marigram of eilge waves at a large longshore 
distance from the source is computed by the normal mode solution. 
   The principal period of the edge waves is determinedfrom the depth ratio m0 
between the outer sea and shelf, and the width of the shelf. The amplitude 
increases with the value of m2, and is also influenced by the spectrum of the primary
40 K.  NAKAMURA 
wave and the offshore distance of the source. The surface elevation has maximum 
value at a rather late stage. 
   The results of the calculation may be useful for the interpretation of tide gauge 
records in case of a tsunami. 
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